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Abstract 

Twisted K-theory on a manifold X, with twisting in the 3rd integral cohomology, is dis- 
cussed in the case when X is a product of a circle T and a manifold M. The twist is assumed 
to be decomposable as a cup product of the basic integral one form on T and an integral class 
m H 2 (M,Z). This case was studied some time ago by V. Mathai, R. Melrose, and I.M. Singer. 
Our aim is to give an explicit construction for the twisted K-theory classes using a quantum 
field theory model, in the same spirit as the supersymmetric Wess-Zumino-Witten model is 
used for constructing (equivariant) twisted K-theory classes on compact Lie groups. 

Msc: 19L50, 53C08, 81T40 
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1 Introduction 

K-theory on a topological space X can be twisted by an integral cohomology class a of degree 
3. The class a can be either torsion (this case was originally studied in |DKj ) or nontorsion |Ro| . 
The nontorsion case involves intrinsically infinite dimensional geometry since the class a is the 
characteristic class of a principal bundle with the structure group PU(H), the projective unitary 
group of an infinite dimensional separable complex Hilbert space H. Partly because of this reason 
concrete constructions are available only in few cases. Best known of these is twisted K-theory 
on a compact Lie group G. It was shown by Freed, Hopkins, and Teleman FHT that in the 
G equivariant case the K-theory K*(G, a) has a ring structure isomorphic to the Verlinde ring 
in conformal field theory. Concretely, the twisted -theory classes can be constructed from the 
quantized supersymmetric Wess-Zumino-Witten model, |Mij . 

In this article we shall concentrate on the case X = T x M, where M is a compact manifold, 
T = = S 1 is a unit circle and the class a is represented as a product a = =2 A |^ of the 1-form 
on and a closed integral 2-form on M. This case was already studied by Mathai, Melrose, and 
Singer MMS . In particular, a formula for the Chern character was derived in the decomposable 
case. The Chern character does not directly see the torsion classes in K*{X,cr). For this reason 
we want to analyze closer the torsion classes. We also give a concrete formula for representatives 
of those classes using a quantum field theory construction similar to |Mij in the case of a compact 
simply connected Lie group. As a particular case, we have a construction for the (nonequivariant) 
torsion classes when M is a torus. 

We start the discussion in Section 2 by constructing a family of Dirac operators on another 
unit circle Tg parametrized by X — x M. As an input we need a complex line bundle A over 
M with a connection Vm and curvature /3m- The Atiyah-Singer families index theorem gives the 
Chern character of this family of operators and one easily computes that the 3-form part gives the 
integral form j^d(j) A (3m- General results on quantization of Dirac operators in odd dimensions 
[CMM] tell us that the bundle of fermionic Fock spaces can be defined only as a projective vector 
bundle. The obstruction to the existence of a covering proper vector bundle is the Dixmier-Douady 
class which is the 3-form part of the odd Chern character. 



The construction of the projective Fock bundle, which gives a true vector bundle on the covering 
K x M of X, is explained in Section 3. In Section 4 we give a construction of a family of self- 
adjoint Fredholm operators parametrized by K x M using a method similar to [Mij . This family 
Q(f>,x (with i^el and x € M) transforms with respect to translations (f> ^ (f> + 2tt according to 
S~ 1 Q c f >tX S x = Qcf,+2-n,x, for any given x S M. However, there is no continuous map x i— > S x from 
M to unitary operators in the Fock space since the construction of S x requires a choice of a unit 
vector in the fibre X x of the complex line bundle A. For this reason we obtain a genuinely twisted 
X-theory class on X with twisting a = dip A Pm- This construction depends, besides on (3m, 
on a choice of a twisting of the Fock vacua by a vector bundle £ over M. 

The above construction leads to torsion (Sections 4 and 5) in twisted K-theory. It turns out 
that the twisted classes are parametrized by elements in the untwisted K* +1 (M) modulo the K- 
theory class of the twisting line bundle A. So for example in the case of a unit sphere M = S 2 
we get the torsion elements in K X {X, a) = Z where k is the degree of A. Finally, in Section 
6 the Chern character is computed using the Quillen superconnection formalism. The torsion 
phenomena appear here since push-forward from K x M of the Chern character is defined only 
modulo multiplication by exp(ci(A)), the Chern character of the twisting line bundle. 

We use the following definition of twisted K-theory on a space X. Fix a PU(H) bundle P over 
X with the characteristic class a. The group PU(H) acts by conjugation on Fredholm operators 
in H. Let F be the associated fibre bundle. The complex K-theory is Z2 graded. The odd part is 
defined using the space Fred 1 - 1 ' of self-adjoint bounded Fredholm operators with both positive and 
negative essential spectrum, that is, K 1 (X,a) is the space of homotopy classes of sections of the 
associated bundle P XpuCH) Fred^ 1 * 1 . The even case can be defined by two equivalent ways: Either 
one takes Fred*- ' as the space of all Fredholm operators in H or one uses a graded Hilbert space 
H = Hq © H i and the space of all odd self-adjoint Fredholm operators with the above spectral 
condition. Actually, our constructions involve unbounded Fredholm operators. In that case one 
can fix the topology in the space of self-adjoint Fredholm operators as the induced topology (Riesz 
topology) through the map D i-> D(l + D 2 )^ 1 / 2 to bounded Fredholm operators. 

The unitary group U(H) with the norm topology is contractible by Kuiper's theorem K . 
This topology is not suitable for our constructions since we are employing representations of loop 
groups, which are not continuous in this topology. However, U(H) is also contractible in the strong 
operator topology |DD| and this is the topology we are going to use. For more details on related 
questions see [AtSej . 

The above definition of twisted K-theory is used in the local formulation: Choose a trivializing 
open cover {U{\ of X for the bundle P. Let gij : Ui n Uj —> PU (H) be the corresponding transition 
functions. Then a twisted K-theory element is given in terms of local functions to, : U — > Fred* 
such that Wi — gijWjg^ 1 on the overlaps. 

2 The Dixmier-Douady class from the families Index The- 
orem 

The Hamiltonian quantization of fermionic fields produce a projective bundle of Fock spaces over 
the parameter space of the Dirac family. The projective bundle defines a gerbe which is topologi- 
cally characterized by a Dixmier-Douady 3-cohomology class. Especially, we can lift the projective 
Fock bundle to a vector bundle if and only if the Dixmier-Douady class is zero. The de Rham 
representative of the Dixmier-Douady class is the 3-form part of the local index theory of the Dirac 
family, jCMMj . [Lott] . 

We consider a manifold of type TxM with a nontrivial decomposable integral 3-cohomology 
class, pTOS] . 

a = 7T~ A - — , 
2tt 2th 

where /3m €E H 2 (M, 2-kiL). We are interested in if-theory twisted by a gerbe and therefore we can 
exploit the Hamiltonian quantization to build a gerbe over x M. The first goal is to construct 
a family of Dirac operators on x M with a three form component in its index given by the 
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decomposable class a. 



2.1. Consider a 2-torus T 2 with angle variables (0,<p). We choose an open cover {T + ,T_} for 

T such that = T + n T_ consists of two disconnected arcs, one which is a neighbourhood of 

— 1 and another a neighbourhood of 1. We denote these by T^J 1 ' and T+l. 

The isomorphism classes of line bundles over T 2 are classified by Z since H 2 (T 2 ,Z) = Z. The 
bundle Ai corresponding to a generator of the cohomology group can be described as follows: if 
ip is a smooth section of A 1; then ifj(6,(j> + 2tt) = e l6 ifj(6,(f)). After puling back with the map 
RxT^TxT, sending <j> to <f) mod 2ir, a connection of this bundle can be defined by 

Vi = d6 <g> d g + d<p <g> - —d6 <g> <p. 

Z7T 

The curvature of the connection is the cocycle in de Rham cohomology 

V? = ^-dOAdfie H 2 (T 2 ,2m1). 
2n 

Consider a smooth manifold M with nontrivial second cohomology and fix a line bundle A with 
a connection and so that the curvature is equal to (3m € H 2 (M) which we assume to be nontrivial. 
Now A = Ai M A defines a line bundle over T 2 x M. Consider a smooth fibration 

Tj^TsxT^x M -» T x M. 

At each ((f), x) G x M, the bundle A restricted to the fibre Tg defines a line bundle X((f), x) -» Tg. 
In fact, the sections of this bundle are periodic in the direction 8 and therefore at fixed ((f), x) the 
bundle X((f>,x) is the product Tg x C. 

At each point ((f), x) we define a Hilbert space H((f),x) — L 2 (Tg,\((p,x)) of i 2 -functions on Tg 
with values in the fibre \((p, x). Then 

H= ]J H((P,x) 

is a locally trivial bundle of Hilbert spaces over T x M. In fact, it is the trivial bundle with fibre 
L 2 (Tg,C) twisted by the line bundle A. As a Hilbert bundle it is trivial by Kuiper's theorem. 
However, considered as a reduced bundle with the structure group of smooth T valued gauge 
transformations, the group LTg of smooth endomorphism of Tg, it is nontrivial. The gauge group 
acts on each fibre H((f>,x) by multiplication: m : LTg x H(<p,x) — > H((f),x). The group Z of 
translations over acts on the sections of H by the rule 

a.(p((f),x) = m(e la0 )tp((f),x). 

The line bundle A can be characterized by a Cech 2-cocycle hij € Ui je/ 2 C°°(Vij,T) where 
J = {1, . . . , n}, Vij = Vi fl Vj and {Vi, i e 1} is a good open cover of M. We fix a cover il of T^ x M 
such that 

Ui=T_xVi, U l+n =T+xV, l^<n. 
The transition functions of H define a cocycle g € i/ 1 (T x M, LTg) associated to the cover il 
9ab ■ U a b = U a r\ U~b t-^ LTg with the nonidentity components 

9ij = hij, 9i+n,j+n = hij, 9iJ+ n ~ m ( e 

where a, b = 1,2,..., 2n, i,j = l,2,...,n and g^j +n is defined in the component T+l_ x Vij. These 
transition functions satisfy the 1-cocycle condition gijgjkgki = 1 in their domains. Then we can 
write 

H = [](^ x n )l - 

a 
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where we use the equivalence relation in the overlaps: (<fi, V) <~ (ip, W) if and only if <f> = ip in U a i, 
and W = g a bV in H. 



2.2. The free Dirac operator idg is an unbounded self adjoint operator on each fibre H((p,x). 
The space of vector potentials on each fibre is given by A — C°°(Tg) <g> iR. The gauge group 
LTg acts on the Dirac operators by conjugation, leading to the action A A + g~ x dg on gauge 
potentials. The gauge orbit space is A/ LTg which can be identified with a circle. Thus, has 
a natural interpretation of a space of gauge potentials which we twist with the bundle A on M. 
Actually, it is sufficient to consider constant vector potentials cf> parametrized by the real line R. 
The gauge transformations by T valued functions e lS on Tg change the parameter ^ </> + 2ir, so 
again the family — idg + modulo gauge transformations is parametrized by M/27rZ = T. After 
twisting this family by the line bundle A over M we get a family parametrized by X = T x M. 
The Dirac family is twisted by the complex line bundle over T 2 x M with connection Vi ® Vm 
and the total curvature 



The Dirac family D defines an eigenvalue problem at each (<j), x) E T x M. If we let the angle 
<f> vary from to 2ir, then there is a translation in the set of eigenvalues as they all grow by 2n. 
Because of the spectral flow the group element of K 1 (T x M) defined by the Fredholm family is 
nontrivial. In fact, the spectral flow produces a nontrivial cocycle of _ff 1 (T x M, Z) via the index 
map. The twisting bundle A produces another nontrivial class, a three form in if odd (T x M, Z). 
The local index formula, ind : ^(T x M) -> H odd (T x M), gives 



The A-roof genus on T 2 x M does not contribute on this level in the character formula. The three 
cohomology part is exactly the decomposable 3-cohomology class. 

3 Hamiltonian Quantization 

3.1. Let W be a separable Hilbert space. The algebra A is called a canonical anticommutation 
relations (CAR) algebra over H if there is an antilinear mapping H — >• A such that a(f) : f E H 
generate a unital C* -algebra A which fulfills 



for all u,v E H. The CAR algebra is unique up to C*-algebra isomorphism. 

For a fixed (0, x) E T x M, the Dirac operator D^ x defines a polarization H = H + ® "Hr such 
that H + is spanned by the nonnegative eigenstates. A Fock space J 7 is a Hilbert space with a 
vacuum vector |0) and the CAR algebra acts on the vacuum such that 



F = ^-d9 A d(f) + Pm € H 2 (Tg x X, 2wiZ). 




d(j) d(j> ^ M 
2ir 2ir 2iri 



+ 



{a(u), a(v)} — and {a(u),a(v)*} = (u,v)l 



a{u)\0) = = a*(v)\0) for all uEU + 



vEH~ 



and the basis of a Fock space is spanned by 



a(u il )---a(u ik )a*(uj 1 )---a*(uj l )\0), for u iv E H ,u jv eH + ". 



(1) 



We can think of the vacuum as the formal infinite wedge product 



|0 >= U-i A it_2 A u_3 A • • • 
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and the general basis vector as 



u n A u j2 A Uj 3 A • • • (2) 

where j\ > 2% > ja > • • • are integers such that all the negative integers except a finite number are 
included in the sequence. The representation of CAR is irreducible. There exists a densely defined 
charge operator N which acts on a basis vector by 

Na{u ix )■■■ a(u ik )a* (u h )•••«* (u h )|0) = (I - k)a( Uil )■■■ a{u lk )a* (u h ) ■ ■ ■ a* ( Ujl ) |0) 

and its action is extended on F by linearity. The Fock space can be presented as a completion of 
the algebraic direct sum F — (Bkei,-? 7 ^ where F^ is the subspace of charge k. 

In the group LTg of smooth loops in Tg any element is of the form e 2mF such that F : R — » K 
is a smooth function and F(9 + 2ir) = F(0) + np. np £ 1 is the winding number of the loop. Then 
f(9) — F(9) — npQ /2it is invariant under the translations 9 t— > 9 + 2n and thus it can be expanded 
as a Fourier series / = fk e k, where fk are the Fourier coefficients for all k G Z. Since / is real 
valued these satisfy fk — f-k- We can write LTg = SLTg x CTg such that the charge subroup 
CT e consists of the group elements e 2 ^fo+in F e and SL j e cons j sts f ^E^o /* e * . 

The loop group LTg is a subgroup of the restricted unitary group U rcs ('H + © ) which has 
a positive energy representation on a Fock space, |PSj . The action of U re& (H + © H - ) can be 
implemented on the Fock space as a projective representation such that 

U(g)a(u)U(g- 1 ) = a(g.u), U(g)a* (v)U(g' 1 ) = a*(g.v) 

for all g £ U 1 - CS (H + ®T~L~) and u,v £ H. The subroup SLTg lies in the connected component of the 
identity of U ICS (1-L + © H~) and each charge subspace is invariant under this action. The subgroup 
CTg has infinitely many disconnected components labeled by np. If e 27 ™/o+™F0 g CTg, then its 
unitary positive energy representation is of the form 

where S is a shift operators which sends each charge subspace F^ to F^ k+1 \ that is, SNS~ X = 
N — 1. 

The positive energy representation of LTg are projective: there is a group 2-cocycle c : LTg x 
LTg — > T such that the unitary representation satisfies 

U{e lF )U{e lG ) = t/(e l(F+G) )c(e lF , e lG ). (4) 

3.2. Next we fix a polarization of W and proceed to define a projective bundle of Fock spaces. 
For this we need to define a family of shift operators S parametrized by the base space. S creates a 
state from the vacuum which is topologically a complex line bundle A over x M. Therefore, S is 
naturally defined only up to a choice of phase on each fibre of A. We can pick such a phase l{x) £ X x 
at a fixed x £ M but not as a continuous function of x since the line bundle A is nontrivial. When 
the phase is fixed locally we can define the local family of operators S : M — > U(F) which acts on 
the vacuum by 

S a \0) = a*(u ®l(x))\0) 

for all ((f), x) £T c j > x M where «o is the Fourier index zero state in L 2 (LTg). 

On a general wedge ^ S acts by raising the Fourier indices of the states by one unit fibrewise 
in the domain of the local section I. All the states Uj £ L 2 (Tg,C) (the model fibre of the Hilbert 
bundle H) are twisted by the line bundle A, that is, over IxM one has to replace Uj by Ui © l(x). 
This guarantees that the index raising map Uj © l(x) 1— > w^+i © l(x) is indeed well-defined once the 
phase l(x) at x £ M is fixed. 

Next we map the transition functions gij of the Hilbert bundle to the projectively defined 
operators acting on the Fock spaces under the positive energy representation. Therefore we get 
a transition data g^ : Uij — > PU(F) defined by g^ = U(gij). We denote by PF the projective 
bundle of Hilbert spaces associated to this cocycle. 
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The gerbe cocycle / £ H 2 (T x M, T) is determined from the relations fij k = gijdjkdki- The 
transition functions hij((j), x) of A are valued in T at each point (0, x) on the base space. Therefore 
the following holds 

S{h l3 {^x))^ S- 1 = (Ay^i)) 2 ^ (5) 

in Uij. By ^ and the relations U{hij)U{hj k )U{h ki ) = 1 for all k we can write the cocycle 
of the gerbe as 

/ £ JJ C°°{U ijk ,T) with the nonidentity components 

l<i<j <k<n 

f (1) - h~ 1/2 h 1/2 - h 1/2 f (1) - h 1/2 h~ 1/2 - /T 1/2 (6) 

Ji,j,k+n — n jk n ik ~ IL ij ' Ji,j+n,k+n ~ n ik ~ n jk • ( V J 

The upper index (1) means that the cocycle is defined in the subspace T^l x M. This determines 
completely the isomorphism class of the gerbe. 

We can use the property Q to adjust the shift operators S on the right side of the transtion 
functions U(hij). This simplifies the cocycle 

f% + n,k + n = Uih^Uih^Uih^ 6 )- 1 

= (h l0 ) N S(h 3k ) N ■S- 1 (/m t )- Jv c(ft ii> e w )- 1 c(^ fc ,e ifl ) 

The T valued functions c(/iy, e l0 )~ 1 c{hi k , e 10 ) are a coboundary {Sc~ 1 )ij +n . k+n where c" 1 has the 
nonidentity components c(hij, e 10 )^ 1 in T+l x Vij for all 1 < i < j < n. Similarly, 

= (h l] ) N (h jk ) N SS- 1 (h lk )- N c(h tl ,e ie )- 1 c(h lk ,e w ) 
= c(h jk , e ie )" 1 c(/i lfe , e 10 ) = (8c-\ jtk+n . 

Therefore, in cohomology, the gerbe cocycle ^ is equal to the cocycle with the nonidentity com- 
ponents 

f$+n,k+n = (hjk)-\ l<i<j<k<n. (7) 

Alternatively we can adjust S on the left side of U(hij) and write the nonidentity components 
of the cohomology class / by 

= l<i<j<k<n. 

3.3. For each k £ Z we consider the bundle of Fock spaces with charge k on the covering 
space K x M twisted by the fc'th tensor prodcut A® fe on M, that is, (T( k) X K. X M) <g) \® k . 
Topologically the projective bunde PF on T x M can be constructed by gluing the fibres of these 
charge subbundles by the rule 

PF = 0(J" (fc) x K x M) ® \® k / ~ 

where ~ is the equivalence relation (<f), x, ^f) ~ (</)', x', if and only if </>' — + 27m in R, a; = a/ in 
M and , 5' = 5"^ in the fibre. The algebraic direct sum is completed to a Hubert space fibrewise. 

We denote by F the pullback of PF to the covering space K x M. The Dixmier-Douady class 
trivializes on the covering and therefore it is a Hilbert bundle with a structure group U(JF) and 
thus, it is topologically trivial. One uses the operation S pulled to the covering space to glue the 
fibres together in the transitions in the positive direction at each 2ttZ in R. 

3.4. The vacuum of the above construction can be further twisted by a complex vector bundles 
of finite rank. Let £ denote a rank n vector bundle over M, extended trivially to K x M. Replace 
next the Fock bundle PF by PF <g) £ and F by F <g) £. Define now the action of the shift operator 
S on the tensor product as S <S> 1. 







4 Twisted if-Theory onTxM 



4.1. Consider a real Clifford *-algebra, cl(LT) generated by^„,neZ subject to the relations 

We can fix an irreducible vacuum representation of cl(LT) such that the circle group T acts on the 
vacuum rjo by the identity homomorphism. The operators ipi with i < annihilate the vacuum 
and the vectors ipi with i > are used to generate the basis from the vacuum subspace. We fix 
the sign of ?po such that ipoWo = Vo- We denote by H s this representation. 

On the parameter space R x M we define a trivial infinite dimensional spinor bundles S = 
W s xlx M. This is pushed down to a trivial bundle over H s x T x M, to be denoted by the same 
symbol S. Then wc form a P [/-bundle S <g> PF over TxM. We also have the Hilbert bundle S <g> F 
over K x M. 

We define a family of supercharge operators Q : K x M — > Fred^(S(g)F) coupled to a constant 
potential y e M by 

= ^ Vv» ® e_„ + y?Ao ® 1 

where the operators e„ define a projective unitary representation of the loop algebra [t ( = Lie 
algebra of LT) on F. More precisely we can write 

e„ = : a* (v n+i )a(vi) : with [e n ,e m ] = —2n5n,—m. 

i 

These operators are globally defined. Initially we need to fix a phase from the twisting bundle 
A to make a*(v n ) and a(v m ) well-defined but since the first one is linear whereas the second one 
is antilinear these phases cancel each other. The usual normal ordering :: is applied to make the 
operators well defined on the Fock spaces; that is, : a* (v n )a(v m ) :— — a(v m )a* (v n ) if n — m < 
and ordering unchanged otherwise. Q is an unbounded self adjoint operator. Its square is the 
operator 

Ql = 2 H n M-n + 2^2 e " e -« + e o + 2 ^ e " + y 2 = l 'o + l o + ( e o + yf 

n>0 n>0 

The operators 1$ and Iq are positive with zero modes corresponding to the Hilbert space sections 
^"(vacuum) for any n G Z. This follows from [Iq,S\ — [Iq,S] = 0. The operator e counts the 
fermion number and thus S^ 1 e n S = e + 1 and so 

Q 2 v S n ( m ® |0 >) = (n + y) 2 S n ( Vo ® |0 >) 

The zero modes are localized on the submanifolds with y e Z C M. 

The operator S acts on the supercharge by conjugation such that SQyS^ 1 = Q y -i- There- 
fore, if we set y = 4>/2tt, then the zero modes are located on the submanifolds with <j> G 2ttZ 
and SQ c / > /2i r S~ 1 = Q^/2 n )-i- This operator family can be realized as a locally defined family 
over T x M, Q % : Ui — > Fred^ 1 -*, patched together by an adjoint action of a Cech-cocycle which 
corresponds to the Dixmied-Douady class a. We conclude: 

Theorem 1. The operator family Q defines a class in the twisted K-group X 1 (T x M,a). 

4.2. When the nontwisted groups K*(M) are known, one can use the Mayer- Vietoris sequence 
to study the fC-theory onTxM twisted by a decomposable 3-cohomology class. The base space 
T x M is a union of T + x M and T_ x M where T± denote the closures of T±. The gerbe 
corresponding to the decomposable cohomology class trivializes after the circle is cut. Therefore, 
we get the Mayer- Vietoris sequence 

K°(T x M, a) K°(T+ x M) ® K°(T _ x M) K°{T +_ x M) . 

bi b a 

K 1 (f +_ x M) K 1 (T + x M) © K 1 ^!- x M) K 1 (T x M, a) 
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Thus, there arc the following group isomorphism 



K* +1 {T x M,a) ~ (K*(T+_ x M)/Im(a*)) © c Im(c» +1 ) 
~ (X*(M) ffi2 /Im( a>t ))© c Ker(a* + i) 

which is a group extension of Ker(a*+i) by K* (M)® 2 /Im(a*) associated to some cocycle £ in the 
group cohomology. In general it is impossible to fix £ from the Mayer- Vietoris sequences and some 
other methods neet to be applied. 

As we have seen, we need to apply coordinate transformation which corresponds to a tensor 

product operation by the bundle A over M when we transform from T_ x M to T+ x M in T + _. 
Consider a class (x, y) G K*(T + x M) © K*(T_ x M) for *eZ 2 . The gluing maps a* are defined 

by 

a*{x,y) = (x-y,x-y®\) (8) 

where the first component on the right side is a group element in K* (Tj "* x M) and the second in 

if* (T_/"_ x M). The tensor product is defined by the usual ring structure in the ordinary if -theory. 
Homotopy equivalence of if-theory gives 

iT(T + _ x M) ~ iT(M)® 2 , K*(T± x M) ~ iT(Af). 

From ((8J we obtain 

K*(M) e2 /M a *) = K*(M)/K*{M) ® (1 — A) 
and in the case when A is nontrivial and nontorsion 

Im(c t+ i) = Ker(a*) = 

and thus 

Theorem 2. When X is a nontrivial nontorsion complex line bundle the abelian groups K*(Tx 
M, a) are isomorphic to K*~ x (M) / (if* -1 (M) ® (1 — A)). In the general case when A is nontrivial, 
K* (T x M, a) is an extension of the group 

{x G K*(M)\x = x® A} by K*' 1 {M) / (K*' 1 (M) ® (1 - A)). 

For example, when M = S 2 is the unit sphere and A is the complex line bundle equal to 
fc:th tensor power of the generator, one obtains the known result K X (T x M, a) — Z © and 
K°(T x M, a) = 0, jBCMMSj . For M = T 2 the corresponding groups are Z ® Z fc and Z 2 . 

Torsion in A makes things more complicated. For example, if pX = then x — as ® A when x is 
a trivial vector bundle of rank p. 

5 Torsion Classes in Twisted i^-Theory 

5.1. Next we study the twisted K 1 classes of the Fredholm families introduced above. The general 
principle is to map the K-theory element to some cohomology theory where it becomes easier to 
distinguish different group elements. The K 1 -element can be torsion or nontorsion. The usual 
Chern character map to de Rham forms can be applied in twisted K-theory; however, this map 
loses the torsion information and therefore is not sufficient in general. 

In our case the operator family defines a class in twisted K-theory which has components both 
in a torsion group and in a free group Z p . In order to keep track on the torsion component we need 
a refinement of the twisted K-thcory to a differential twisted K-theory which depends on Dixmier 
Douady form, connection and curvature of the gerbe; this data is denoted by a. Associated to 
a torsion cohomology class there is an eta form which is closed in a twisted cohomology theory 
H 3 (X, H) [ClVrW . The coboundary operator is given by 5 = d — H where the three form H is the 
de Rham representative of the Dixmier-Douady class of the gerbe. In the case of torsion twisted 
K-theory, the eta form is related to a differential twisted Chern character form by the formula 

(d-H)r] = -ch & (Q) 
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In the following we construct the Chern character form ch&(Q). 

5.2. We cut the circle T and form a Mayer- Vietoris sequence as above. This gives a map 
K°(T+ x M) © K°{Y_ x M) -> X°(T + _ x M) 4 i^fT^ x M) © if°(T^l x M) 

which sends (a;, y) to (x— y)®{x— A). Therefore, the image of (x(S)A, x) is zero in the component 
T^ 1 ! x ill. If we set an inclusion i : T+! x M — > T x M, then we get an equivalence in differential 
twisted K-theory 

where i, is a push forward map in the differential twisted K-theory, if : K°(M) — > i^T 1 (T x M, cr). 

5.3. Recall that the zeros of the operators Q y are localized at the integer values of y £ K and 
the kernel bundle is topologically equivalent to £ <g> A* 8 ™ over {n} x M. We can now perform a 
calculation similar to the case of twisted K-theory on SU (n) in |CMWj . 

Let 1/2 > e > 0. Choose an open cover of T x M by 

U± = {e 2niy \ ± e £ Spec(Q y )} x M 

The intersection £/_| is a Cartesian product of a neighbourhood of 1 in T and M. (We are not 

explicitly marking the dependence of the operators Q on the coordinate on M since it does not 

affect the spectrum.) Denote by £ H the top exterior power of the spectral subspace associated 

to the spectral cuts — e and e. In fact we can choose e arbitrary small and therefore, without loss 

of generality, we can take ^ to be a bundle over T^l x M, following the notation in paragraph 

2.1. Restricted to {1} x M this bundle is isomorphic to the kernel vector bundle; again, down 
on T, the bundles are defined modulo tensoring with powers of A, related to the choice of a local 
section T — > M. However, this does not cause problems since the twisted K 1 -theory is independent 
of tensor powers by A by 5.2. Then we have a pushforward of the class of the kernel bundle: 

if : K°(T^ } _ x M) -> K\T x M, a). 

Following the discusssion in |CMWj (for twisted K-theory on SU(n)) we apply the Riemann- 
Roch theorem in twisted differential K-theory. In general, if / : X — > Y is a closed embedding 
of manifolds such that dim(y) — dim(AT) is even and the normal bundle of the embedding, Nf ~ 
f*(TY)/TX, has a spin c -structurc c x and a £ K°(X, f*(a)), then 

cM/i* (a))A(Y) = /f (ch f , t (a)e^A(X)) 

where f** is a Gysin homomorphism in twisted cohomology theory. 

The inclusion i : T^l x M -> T x M is a closed embedding of manifolds with a trivial normal 
bundle. The cohomology class i*a and consequently i*a are trivial and therefore the map is the 
Gysin homomorphism in the de Rham cohomology and ch^*a- is the usual Chern character. The 
A-genus satisfies 

1(T x M) = A(T)A(M) = A(M) and i(T^ x M) = A(M). 

Therefore, 

ch*(»f (e+-)) = if (ch(e+-)i(Af))(i(M))- 1 = if (ch(e+-))- 

It follows that 

(d - = -if (ch(0) = -if (ch« ® A®")), 

for all n£l By continuity, we can integrate the forms (rf — H)rj to distinguish different torsion 
twisted if-theory classes. 
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5.4. We consider the case of a torsion class in if 1 (T x M,a) such that the curvature of the 
twisting line bundle A is an element kFb in H 2 (M, Z) and the vacuum line bundle has the curvature 
nF f, and F^ generates a subgroup isomorphic to Z in H 2 (M, Z) . Furthermore, we assume that the 
form Ft, localizes on a two dimensional closed oriented surface S. Then, by integration we find 
that 

-/ (d-H) V 

JTxS 



There is also a degree 1 nontorsion component in the Chern character, which in the case of a 
complex line bundle £ is equal to the generator in H (T^,,Z), see the computation in the next 
Section. On the degree 1 level the twisted cohomology is the same as the usual de Rham cohomology 
since H A defy = on x M. 

6 /^-Theory Class from Superconnection Analysis 

6.1. The twisted K-theory class does not need to be a torsion class here. We study a supercon- 
nection associated to the family Q over the covering space E x M. For this we introduce a scaling 
parameter t, however, the cohomology class determined by the superconnection is independent of t. 
Therefore we take the limit t — > oo where the superconnection gets a simple form. The connection 
V = Vm ® 1 + 1 ® consists of of a connection Vj of the bundle £ over M and a connection Vm 
of the twisting line bundle A over M. The action of the connection Vm on the fermion number n 
sector is the n'th tensor power of the connection in the line bundle A; in particular, on the vacuum 
sector the only nontrivial piece is Vf. Let us define 

Dt = Vt x Q + v 

We write locally V = d + ui where oj is the matrix valued connection form acting on the sections 
of the Fock bundle and F = V 2 is the curvature two form, composed of Pm = VjL = BoPm an d 
i*j = V|. The formal symbol \ with x 2 = 1 is introduced since the Clifford algebra of the loop 
group on the circle is odd (the circle is odd dimensional). The symbol x i s defined to commute 
with Q and anticommute with odd differential forms. Note that the Bismut superconnection Bi 
for families of Dirac operators contains a term proportional to the curvature with a factor 1 / \ft. 
The motivation for that term is that in the limit t — > one obtains from the character formula 
below the local Atiyah-Singer index formula. However, here we shall study the limit t — > oo and 
we drop this term. We have 

d = d y + d M , F = du + uj 2 = e Q /3 M (g) 1 + 1 ® 

(we denote y — (p/2n). The square of the superconnection is 

D 2 = tQ 2 v + Vt X (~dQ y + [QyM) + F- 

The following holds in this case 

-dQ y + [Q y ,w] = -tpady. 

Then 

Dl v = tQ 2 y - Vix^ody + F. 

The translation by 1 in R has the effect of operation S in the fibres of the Fock bundle. Then 
using e 5 _1 = 5 _1 (e - 1) and Q 2 y+1 = S^ 1 Q 2 S one gets 

D t , v +x = S~ l D 2 y S + /3a/. 



/ »f(ch(0) mod n 

JTxS 

/ ch(£) mod n 
Js 

k mod n. 
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Now if we define the superconnection character form by 

O y =sTr(e- D *.»), 

where the supertrace sTr picks up the terms linear in \- Then 

e y+1 = sTvie-vly-P" ) = Q v A e~ ?M . 

Next thing is to push these classes to the cohomology of x M by the standard map / : 
M. x M — >• T x M (sends the coordinate to the angle variable). There are now two ways to go: we 
can define new forms 

Q y = e*A9 9! 
so that Qy+i = & y and then study the usual twisted cohomology: 

(d — H)f*Q y = 
for H = dy A (3m ■ In the twisted cohomology /*0 is a cocycle. 

6.2. Alternatively, we can study the forms on M x M pushed to the cohomology H*^!^ x 
M)/ (/3m)- The forms are indeed periodic modulo /3m A 0. We perform a similar computation 
as in [MP] in the case of twisted K-theory on the group SU(2). 

Put Df = t(Q 2 + K t ). We use the Volterra series 

O y = sTr(e-*° 2 + Y](-i) n / e~ tSlQ2 K t e~ tS2Q2 ■ ■ ■ e~ ts " Q2 K t e~ ts ^ Q2 d Sl ds 2 ■ ■ ■ ds n+1 
V «>i • /a - 

The operator families K t = (l/t)F — (x/Vi)tpody commute with Q 2 and we can simplify 

e -ts lQ * Kte -ts 2 Q* . .. e -ts n Q* Kte -t Sn+1 Q2 = K n e -tQ* 

The forms \dy and F commute. Thus, 

As the volume of an n-simplex is 1/n! we get 

X^A(-F)"- 1 _ tQ2 , (-FY 



e y = sTr (e-^ 2 + Vt Y XW l ~ , ) e-«T + V 
y V ^ (n-1)! 4^ 



(n-1)! ^ n! 

n>l v ; n>l 



e -t<3- 



= Tr^V^'^'V^ 

n>l V y 

Next recall that 

Q 2 = l s o + i + (eo + y) 2 



We use the asymptotic expansion for the positive operator e - *'-' ^* 1 as i — > oo. In this limit, the 
operator e" 1 ® converges to zero outside the subspace with vacuum state in the fermionic sector. 
The following formulas hold for the Dirac measure 

8U -a)= lim ,/I e -*W-«) 2 , lim i./*- e -*(*-«) a =0 peN. 



Therefore 



lim 6 y = V^Trf ^oPS(eo 4- y)e F ) = </n8(eo + y)tr*(e F ) 

t— too \ / 
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where P denotes the projection onto the fermionic vacuum subspace and 5(e + y) denotes the 
Dirac delta distribution. The form <d y then localizes at the points in Z C R. 
To get integral cohomology classes we set a normalization function 

<p : Ac(M) -> A C (M), <p(Q) = (2m)-^n. 

Now we push the form (y9lim t _ i . 00 B toTxM and study its equivalence class modulo (3 m /2m A 
plim^oo 8. 

The analysis above proves that the twisted K 1 -theory class associated to the family Q and the 
vacuum vector bundle £ are distinguished by the Chern character of —F% evaluated in the quo- 
tient. In the case of torsion twisted if-theory class this result is compatible with the analysis in 5.4. 

6.3. Consider the case dim(M) = 2, then the cohomology class associated to the superconnec- 
tion gives \/w times S(e + y) times 

where tr^(i^) in the case dim M — 2 is an integer n times the curvature Ft, of the basic line 
bundle over M. Now if we push this form to T x M and study its equivalence class modulo 
/3m /2m' A </?lim t _ s . oo 0, then, in this cohomology the superconnection gives the component in 3- 
cohomology 

ny/ndy A Fe \ftdy A j3 M 

1 mod . 

2m 2m 

Therefore this method can be used to separate different twisted K-theory classes. 

In the case M = S 2 or M = T 2 and F\ = kFt and F^ — nFt,, the operator family defines a 
twisted ii^-group element n © rk(£) in i4T 1 (T x S 2 , dy A kFi,) = Z& © Z, as can be computed from 
the Mayer- Vietoris sequence. 



Appendix 

We construct explicitly the gerbe cocycles and Fredholm operator families for the twisted K-theory 
on a 3-torus. 

A.l. Consider the torus T 4 = Tg x T 3 with angle variables (#, 0i, 02, <fe)- In each T we 
cover the circle with two line segments, T + and T_ as above. We choose the following cover 
U= {Ui : 1 < i < 8} for T 3 

Ui = T_ x Vi and U i+4 = T+xVi for 1 < i < 4, 
Vi=T_xT_, V 2 =T_xT + , V 3 =T + x T_, V 4 =T + xT + . 

The intersections consists of several disconnected components. In each case exactly one of these 
contains the unit of T 3 . If uj il ... ik € C fe_1 (il, G) we denote by ^^... ik the component defined in the 
neighborhood of the unit in U^...^. 

A. 2. Let Afe denote a line bundle over T<p 2 x T^ 3 associated to the de Rham class kdfa A dfo 
for p e Z. A connection and a curvature can be defined by 

d<j)i ®d t - —dcj> 2 ® 03, V 2 = — # 2 A # 3 e H 2 (T 2 , 2mZ) 

i=2,3 

and the cohomology class of the connection corresponds to the Cech class 

h e J^J C°°(Vij, T) with the nonidentity components 

i<j 

h W = e tk4> 2j h W = g4 fe0 2; h (i) = e - 4 fe0 2; ^(i) = e ik^_ ^ 
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On the total space T 4 of the smooth fibration we have a line bundle Ai 1EI A/.. On the base, we 
have a smooth family of Dirac operators the local index map associated to this family gives the 
3-form component in the families index formula, 

kdcj)i A d(/)2 A d(j) 3 
md{D) = (2r^ (10) 

which is fc times the generator of £f 3 (T 3 ,Z). 

We can now proceed with the quantization and apply the formula ([7| in our case which leads 
to a Cech cocycle / G _ff 2 (T 3 ,T) with the nonzero components 

f (1) _ f (l) _ /■(!) _ p -*fc02 _ „»fc02 fnr I < ,• < 4 



This cocycle is a consequence of the obstruction ( 10 1 



A. 3. In the following we study the Cech cocycle / and write explicit formulas for its Dixmier 
Douady class in _ff 3 (T 3 ,Z) ~ Z. We then conclude that the cocycle / is indeed k times the 
generator in this group. 

The sequence 

is exact. We get an exact sequence in cohomology 

> H 2 (T 3 ,R) °^ H 2 (T 3 ,T) -4 iJ 3 (T 3 ,Z) A H 3 {T 3 ,R) 

The connecting homomorphism £ : H 2 (T 3 ,T) — > if 3 (T 3 ,Z) is an isomorphism. We fix the phase 
of the variable and we get a cocycle /' G H 2 (T 3 ,R) which exponentiates to /. Here one 
needs to be careful with the domains of the components f^ 1 ': the parameter 02 gets values in the 
neighborhood of 2np in some components and 2tt(p+ 1) in other (for some pgZ fixing the phase). 
In cohomology the choice of the phase of 02 is irrelevant. Then a :— £(/) is equal to the integral 
cocycle ^S(f') € H 3 (T 3 ,Z). Under this isomorphism the cocycle a G H 3 (T 3 ,Z) can be presented 
in the cover il such that its nonzero components are 

a (1) -a (1) -a (1) -a (1) -fc 

"1378 ~~ "2378 ~~ u 1478 ~~ "2478 — ' 

(1) _ (1) _ (1) _ (1) _ _i 
a 3578 — a 3678 — a 4578 ~~ a 4678 — K - 

The cocycle a is equal to fc times a generator c of the Cech cohomology _ff 3 (T 3 ,Z). This can 
be verified by noting that 

a + kS(b 178 ) + kS(b278) = kc 

where 6178 and &278 ar e the Cech cochains whose nonzero components b^s an d ^278 are ec l ua l to 1. 

A. 4. We construct a generator c in the cover il for the group i? 3 (T 3 , Z) . Applying the 
isomorphism i/ 1 (T 2 ,T) — > H 2 (T 2 ,Z) to the generator of 1 (T 2 , T) corresponding to the choice 
fc = 1 in ([9]) we find a generator of A for the group iJ 2 (T 2 ,Z) 

AG jQ C°°(Vijk, T) with the nonzero components 

i<j<k 



- -1 - A (1) 
A 134 — 1 — A 234- 



A generator for the cohomology i? 1 (T, Z) can be chosen to be the constant function a + _ = 1 in 

tJ! and zero in T^A. Then we apply the cup product to construct a generator c = a - A for 
H 3 (T 3 , Z) associated to the cover il. Its nonzero components are 

— r W — _1 — 1 9 "X A 

c i578 ~~ L i678 — x ' t — A, 4, O, ft. 
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